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vectors_1 = face_key points_1_signature_aligned[:,:2]-face_key_points_1 center_aligned[:2]
print("vectors_l:",vectors_1)
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vectors_2 = face key points_2 signature aligned[:,:2]-face_key points_2 center_aligned[:2]

print("vectors 2:",vectors_2)
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Point 17

Point 18
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# squared Euclidean distance FHERJEEEH
squared euclidean distance = 0
for i in range(len(signature_indexes)):
squared_euclidean_distance += (distance.euclidean(vectors_1[i, :], vectors_2[i, :])
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cos_distance = 0
for i in range(len(signature_indexes)):
cos_distance += distance.cosine(vectors_1[i, :], vectors_2[i, :])
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Gram matrices of facial landmarks Facial sequences as trajectories on PSD manifold PpfSVM for trajectories
H V classification on PSD manifold

Non-PSD

DTW Kernel ‘

Figure 24 #XLET: AMeyFHEZ—FKAREE, q”ﬂ%%@i&l‘i‘@@»%#ﬁﬁ?ﬁ%ﬁ/i& A8 F B AR 4E %
WBNFIRZ RGP LR

BB T —AEAR T AMOAREFTERN 7k, 522880 A M EFHIEE T RIERRT
R, REMEEGANBNRLZ AN PETEE, HLET: ANOTERARARBSR, PHOTERAN
B 1R ik et X, 6T B RAIERGANEHL G AN PEE.

%&ﬁﬁﬁﬁ@&%@%ﬁ?%7xﬁiﬁﬁ%&mﬁiﬁ\%%ﬁﬁﬁﬁ%xﬁﬁl%ﬁ%,Eﬁﬁ
R A TS ARE 2 45 1% (SPD) &9 A b (BT AR S HE):

M

EBERY)ZEA Riemannian metric, HMAIAERRSIERH, TRBE M LM
BRERE, HRM PHRESx, Mx, #x Bx NRERERBARES
IR A ERER .

The tangent space T{y, g2)(V,,,2 X P2) consists of pairs

(M, N), where M is a n x 2 matrix satisfying M7U + span : V, 2 — G(2,n)

UTM = 0and N is any 2 x 2 symmetric matrix. Bonnabel

and Scpulchre define a connection (see [22, p. 63]) on the that sends an n x 2 matrix with orthonormal columns U to
principal bundle I1 : V,,2 x P — S*(2,n) by setting the their span span(U). Given two subspaces U, = span(U,)

horizontal subspace Hy, z2) at the point (U, R?) to be the

space of tangent vectors (M, N) such that MU = 0 and andUy = span(Us) € G(2,n), the geodesic curve connect-

N is an arbitrary 2 x 2 symmetric matrix. They also define ing them is
i ton H (1, g2): given two tangent vectors A = .
T APy Jol e 2 e i span(U (t)) = span(U, cos(©t) + M sin(O%)), (4)

Figure 25 £ Sk

BEZ P, VEEE AARRAZ R R T T2 M Z M a9 RI Hu 42, 3388 2 B MG H e M2 M ad sEAE
Ao K. BREARGER, B ARMETEMH Ul F2 U2, T A8 AARAZ R & T C M2 M a9 RIH 4R, & il
A U1 Fe U2 3255 3] ¢ P169 25 8] JE 38 = ] L A7 2] 89, Ef@iiﬁ??ﬁqy}(&)ﬂiﬁ’ﬂﬁ
SRERGTE, TEHT R CMZ M LA K, Ak, @82 RHETEHZ M
By, T VAT B — i 3 C 109 A1 AR

o, B EAEEET S Fa‘]“l’ﬁlﬁ’lﬁﬁ = M ey BAE R, TAFE d e M
zZ MaysEdA A . Al me, TraddFd el gex Mg NEfe ZALTHE
Effﬂzf’aﬁéﬁﬂéﬁiﬁn}’ﬁ};{o Figure 26 Geodesic M4k

Tl A LA RS, RATVRRA T HERMHE L, & RARRAZ A EA M (SVD) 7 Xi§4E
M NE| R T B4R B R
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# Riemannian geometry
ul, rl1 = polar(vectors_1)
u2, r2 = polar(vectors_2)

u, s, v = np.linalg.svd(np.dot(np.transpose(ul),u2), full_matrices=True)
sigmal = s[@]

sigma2 = s[1]

thetal = np.arccos(sigmal)

theta2 np.arccos(sigma2)
theta = np.array([[thetal, ©],[@, theta2]ll)
theta_distance = np.linalg.norm(theta)=**2

Figure 27 R % E AN T A
AR, Z AR AT TEE:

1. ¥F—EaEEreftimad gy, LFH A
ul, rl = polar(vectors_1) '''##%—E@® vectors_1 BitAieEfs, WitEHER" "
u2, r2 = polar(vectors_2)'''ul &RREE vectors_1 pthfA (GMES) , rl XREE vectors_1 AER""'"

AR Y, AL BRI R AR EF WK A KT, B, HeEH

Ao AR X AR EH A 80 KA e B AR S AR, o :'
FT AR AR S A G AR MEEBEES  SS3ad g

2.3t AEAE ul A w2 LMBRBANE, CTRAFEMS® (D) AF o e
Ho Figure 28 fRAAE

M=U * V

mxn mxm mxn nNxn

A z

u
57y £
V2 e, U282 g2Y
Vi € s
14Uy
W

Figure 29 rZ/a4# (SVD) =& B

* HASERE Sigma WU ARTE AEEM G EME, CREATERENELZFEZOZA UL 4R
FHAVERGTEMFOGRRT. A&TLE SEFREERATER N ALFREQBAEFER
AR R AT R M P a9 e AL

u, s, v = np.linalg.svd(np.dot(np.transpose(ul),u2), full_matrices=True)
sigmal = s[0]

sigma2 = s[1]
thetal = np.arccos(sigmal)
theta2 = np.arccos(sigma2)

Figure 30 =¥ = MZ AT A
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¥ L BRI T R A BAA) S R P A9RT RABE G B, EMCIE R ARG A A

1a,
AWM=, sigmal A= sigma2 & s FAPWATRBELTE, R TREEE G ZAEN MR P aaT

AR E, SARANTFEMTURA LM ELEME T H LR EGHK R K. HAF R ME R P F
BAR BRI BREEN G, B sigmal A THZARZIEZN T LK BEHS A A, sigma2
AlEATES —ER6 76 Lok B %7K FE K.

K14, thetal #= theta2 %7ifii#l np. arccos J;%’(o‘]’ﬁ—T sigmal #= sigma2 Pr#t/Eey B b,
ZALEY A FAAR T RE G AR T 6 Lag & A Ky, Rl Tz w s E AT 6,

.HEREGE ul A= u2 X HGYRMA K, B theta, AR theta #3E#E,

sigmal = s[0] where © = diag(0;,02) is a 2 x 2 diagonal matrix formed
sigma2 = s[1] by the principal angles between U, and U, while the matrix
thetal = np.arccos(sigmal) M is given by the formula M = (I,, — U U )Us F, with F

being the pseudoinverse diag(sin(f;),sin(62)). The Rie-

theta2 = np.arccos(sigma2
; (sig ) mannian distance between U and U is given by

theta = np.array([[thetal, 0], [0, theta2]])

theta_distance = np.linalg.norm(theta)*x2 dg (U, Up) = |17 ©)
Figure 31 22 B ZH L 5% Figure 32 st H# %
e Z AL X F R

thetal #= theta2 7K & ul #= w2 WHFEAEGEFTFH —"AF % —78, theta £ H thetal
Ao theta2 4G9 —ME4ERE, AAIRR, theta M FE TH— MBS ExH 2 5 —EREHE A
o thetal #= theta2 £ ul #= u2 W& EA M P F EME, SO ETHESENEERTE
09 £ E, BiBAFE BEAN —BLERE P FET ARG e d AR ) 2 T e A

| Allr =

theta_distance = np.linalg.norm(theta)*x2
Figure 33 f@-F = M 6948 MM 2 KX,

theta distance & theta #EI%249 Frobenius % W-F7, RERTLEF T W FFTHRETT
theta 4689 K/v, &L&T 7T theta ZERNRNEGTOREANETER, BTUAREGEERAG
= Z [ g A,

4. G RIEAMBEI AR, RIESEHRLAFATEHS:

1. FRTEENTE: BREORZAMERERTOENRD, MAAFTR TR, mEBEELRET
mE a9 7, B A AR R B e = M 69 AR AR

2. RPAREEEIR®E: éJﬁ"Eu‘l'g/\é'Z#EJMFH’?/\%’fETﬁzﬁ’lkl‘ F kR R RN
e E, mizlAE A BB G FREAELZHX, RofPHREEETROEE,

3. MARHAME: ERHNAZAMET, wRAEGEZIMGR A AARETRAA, ECH
HRZAMELL AR, MEMAXRHRIZAanE, HLikH 22 a0 R REEZ H e mMmE,

L% g se T VAR AT AR R E AL, R B A AR R T A e 4 3 A LAY AR L E
ﬁﬁ%oA%%*%ﬁm‘Tuﬁg%§QM%ﬂ%%&ﬁ%&%£ﬁ+ﬂ Z ERZHENT RGN
K. ZEEd, SRATEAAREEEEEFENR, BR—MIEFTAH XY T &, TAHRI K
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SRR M B9 AR, KRS AR S R A,

4. 36 &R 3R B AR A

1) BR& L i&3Edk:

BEAOE B 01 Z M G ik: similarity = 1/1+d

MAL: B AdEF MBAE, [2RMEIRLT AT HA:

1. BEdf A K Z A AR A B9 S B AR, AR LS RE AR HABRGER, PTUARKA LR LR AR
2. BEAR AR DZAR, x BaABAA QBT TRAS ML, FRE r ARZIHGZE, RMERIE

— 18 ST RAA
3. 1S fB B A AT AR AT R MR AR R B D AR 2 F FAE (L3R 60%-40%Z )

NG

10.2

2 02 04 06 08 1 12 14 16 18 2 2

Figure 34 similarity = 1/1+d HFA T

i s P AL

£ A8 7 & R AEAE B
& d<0. 2, Aa A 3% A 1
% d>0.9, A % 0

\ 15

if d<0.2 similraty = 1
if d>0.9 similraty = 0
: 0z 0408 08 \\12 "1 if 0.2<= d <=0.9 (0.9-d) / (0.9-0.2)

Figure 35 FR#I$E /4 similarity = 1/1+d H3K

2) fhizgEAE:

SHE XIEAEA FAAGO A, © A x BAALN 0BT TRA SAME, mEERKOBELT SA0
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Figure 36 #7Z SEAEALF AL

g (R ki%t Hdh: IRTZIEHE)
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CIQ
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Y
q
%
S
m
=
F@\

BB FERBEIEE, REAMRAGAEKB0.2-0.3 6 256, ATAd<0.2, M EH A 1, MmipiEIBaE
AL ARG IEE AN S, BRHEIF AR 1. 55 CE 2R KT, A58, MM EEA
00

AR . PP

ﬁ?ﬁ%%ﬁ%ﬁ%T%:ﬁﬁ%'iﬁAii 133 2 AT ADLEFE. P, BRE ZIF5EHE
Fo R IZIBAEAR T AR AL AR B 2 5RdE, 2 M AT XU ELTR. B, Ko FRE A
SEAE E g%%fA@%&%$A%%HﬁM1

Fwy: ERFHMRBEARLLER

1) BB
SEARANPA R4 BAEE A 18R BB AR AR AR S AR R B AL R B4, Ao
@RI A, BIRANBRE G, BRRRREERN, SR REE AR,

2) MR

PR RIZOABT, BAEF S TRAERGEE S, KMEEMER-FRRRE, KRR, ALH
A HAEIE R B

B. PAEIE I B

C. B MK (Gaussian Filter)

KA B S AR A4 R RAER

A RAR

AR E&AMME R RLA =18 similarity:

self last similarity 0 = 0 // Kk &) similarity
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0 // EX# similarity
0 // EEX& similarity

self last similarity 1

self _last_similarity 2

B.:tHHE
Z AR R SRR P B TAR A T A RGTE ARG (B REE) BB P B RAR TR
ZhEALE,

Figure 38 SfiEi XA T &EE

BB — BTG AP, RIHF deviation X EH 1, HamA @ H, F AL
similarity A MEL LT ) HORIE, B x W ERAAEME similarity 3B AKFH
5 similarity #9BFM £,

AR R
X0 = 0(& K, RAZMMMEF )
X1 = -1 (E—k)
X2 = -2 (k)

VAL 7 ik, BN RGHE G 32 H R A A ek S ARAEE S FF S EHE similarity 89
ME, AFRMIZ 5109 R, FTHEREIERIERE 4T :

gauss filter = [7/74, 26/74, 41/74]

Z K, PR EEAERAESRE B similarity JE8AH R A9 similarity 49 matrix #4172
T, MRk U A SN DLIE AR B AR T4

# Gauss filter

gauss_filter = [7/74, 26/74, 41/74]

self.last_distance_2 = self.last_distance_1

self.last_distance_1 = self.last_distance_0

self.last_distance_0 = squared_euclidean_distance

squared_euclidean_distance = np.dot(gauss_filter, [self.last_distance_2, self.last_distance_1,
self.last_distance_0])

Figure 39 =S8 k42 X 45

VATF #h A 48 18 3 U JE B T AT AR A9 ST B (R B & % )R 72 AT)
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Figure 42 B4 AGEZEAN &
3 BARAEEM TS K-

@ B FEEA
TAEFEM RS A

level 1: Hi&BE K 104, £ 10 5&E A .
level 2: HiERBEHK 74, £ 145&E H,
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Figure 43 B K3 /g E12
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